Categorical models of the metalanguage F P C (a type theory with sums, products, exponentials and recursive types) are defined. Then, domain-theoretic models of F P C are axiomatised and a wide subclass of them -the absolute ones-are proved to be both computationally sound and adequate.
Introduction
This paper is an investigation into axiomatic categorzcal domain, theory as needed for the denotational semantics of deterministic programming languages. We particularly consider a metalanguage FPC, a typed functional language with sums, products, exponentials and recursive types equipped with a call-byvalue operational semantics (see [Plo85, Gun92J) . We wish to axiomatise domain-theoretic models of FPC and prove that they provide a computationally sound and adequate denotational semantics.
Such a theorem holds for pCpo [Plo85] , the category of small cpos (posets, possibly without bottom, closed under lubs of w-chains) and partial continuous functions. The aim of this paper is to generalise to a wide class of order-enriched categories (Section 2 ) ; one can compare this endeavour to [SP82, Fre90, Fre921 where a similar programme was carried out for the solution of recursive domain equations. In order to provide a direct semantic treatment of non-termination, we consider order-enriched categories of partial maps (Section 3). Computational soundness for FPC is then that if the evaluation of a program terminates its denotation is total; adequacy is the converse implication. Here programs are taken to be closed terms of any closed type.
The categorical structure needed for interpreting the type constructors of F P C is discussed (Section 4)
in the order-enriched setting. A uniform treatment of type constructors with mixed variance is provided by transforming them into covariant type constructors on universal inuolutory categories (those that are self-dual via an involution). One can then interpret recursive types (Section 5) following [Fregl] and using a notion of parameterised algebraic compactness. Categorical models of F P C are defined to be parameterised algebraically compact partial Cartesian closed categories with finite coproducts; they enable a denotational semantics to be given (Section 6). Abstract examples of categorical models are provided by domain-theoretic models; the leading example of such a model is -naturallypCpo. These models are specified by order-theoretic conditions intended to be easy to verify.
The main technical contribution of the paper (Section 7) is that domain-theoretic models of F P C satisfying an absoluteness axiom are computationally sound and adequate.
It follows that the domain-theoretic model specified by pCpo -as well as many full subcategories of domains-is computationally adequate. Other examples are functor categories over p c p o . Categories of stable functions may provide further models as may synthetic domain theory [Tay911 -though internally in a topos.
Our proof of adequacy depends on certain formalapproximation relations between semantic and syntactic values (see Subsection 7.2). Lemma 7.11 identifies the essential properties needed to prove their existence. Recently, a new method of proof has been proposed by Pitts [Pit931 in the context of Cppol (the category of small pointed cpos and strict continuous functions). We hope his approach will extend to our axiomatic setting. We also wonder whether there is an abstract version of Abramsky's approach to adequacy via Stone duality [AbrSO] .
We have taken both partiality and order as primitive notions. An attractive alternate possibility would be to take partiality as the sole primitive notion. In Section 3 a definition of the order in terms of totality is proposed. It would be interesting to find natural axioms on partiality which would yield an (absolute) domain-theoretic model. Such axioms would provide a computational justification of Scott's original consideration of ordered structures. (For an initial investigation in this direction see [Fio94] .) A related possibility is to generalise from order-enrichment to general enrichment. The first problem there is to provide a good notion of V-domain-structure; any V-category with such a structure should yield a V-category of partial maps. As to adequacy, we believe that if Lemma 7.11 generalises to arbitrary Cartesian V, the formal-approximation relations can be extracted.
It seems that so straightforward an adequacy theorem would not be available if one instead axiomatised Cppo (the category of small pointed cpos and continuous functions) -see [MC88] . The essential difficulty is that the least element does not correspond to non-termination at higher types. Again, although pCpo is equivalent to Cppol they are conceptually different. The first seems computationally more natural, fitting with standard formulations of recursion theory that emphasise partial functions. The latter has a natural generalisation to models of intuitionistic linear type theory with recursion [Plo93]; the connection with operational notions is unclear.
It would be interesting t o make abstract categorical studies of other notions of computation, for example nondeterminism or probabilistic computation. There behaviour concerns more than termination and semantics more than existence and one should extend the metalanguage, e.g. with a construct for (probabilistic) choice. One might even investigate notions of computation in general. Semantical suggestions have been made: Moggi has proposed the use of Kleisli categories [Mog89] ; models of linear type theory with recursion form another possibility. However, a correspondingly general view of behaviour is completely lacking.
Order-enriched category theory
For a thorough treatment of enriched category theory consult [Ke182] . In the rest of the paper we let V stand for either Poset (the category of small posets and monotone functions) or Cpo (the category of small cpos and continuous functions). But we stress that all our V-notions with their associated results generalise to arbitrary Cartesian V (see [Fio94] ).
A Poset-category (Cpo-category) is a locally small category whose hom-sets come equipped with a partial order (complete partial order) with respect to which composition of morphisms is a monotone (continuous) operation.
Both Poset and Cpo with each hom-set ordered pointwise are examples of Poset-categories; Cpo is even a Cpo-category.
The terminal V-category 1 has a singleton set of objects while the only hom is the terminal object in X: appears as a full-on-objects subcategory of p K via the faithful inclusion functor J : K + pK: sending a total map f to the partial map [id,f] . To indicate that a partial map U is total (i.e. it is in the image of J ) we write U 1.
The motivating example of a domain structure is ( C p o , E) where E is the subcategory of C p o consisting of all those order-reflecting monos whose subobjects are Scott-open. We have:
We now consider the interaction of partiality and order-enrichment. Definition 3.3 Given a domain structure ( K , V ) and a Poset-enrichment for K , we define a partial order LA,B on every p K ( A , B ) by setting U ' U iff for 
The explicit distinction between partial and total maps can be used to define a contextual approximation
where a context is an incomplete composite 20 o -0 x .
The description of partial maps based on domain structures provides another computationally natural notion of approximation. For this purpose, admissible monos are regarded as predicates describing ohservable properties. The specialisation preorder for partial maps is defined as follows: 
Type constructors

Binary partial products
Let X: have binary products. The partial pairing of
where (-, =) is the pairing of total maps. The product functor -x = : K: x K ---f K extends to a partial product ) are C p ocategories, if -8 = Cpo-enriches then so does -*=.
Moreover, whenever ( K , C) and ( p K ,
Colimits
) + (lc, E) be 1. If K has binary Poset-coproducts then so does PK:.
2. Assuming K has a terminal object, if K has colimits of w-chains of embeddings then so does p K . 0
Involutory categories
Following a suggestion of John Power, we focus on involutory categories (those that are self-dual via an involution). This enables us to transform mixedvariance functors into covariant ones in a universal way. 
Recursive types
In [FreSl, Fre921, Peter Freyd defined an algebraically complete category as one such that each of its endofunctors has an initial algebra and remarked that this should be understood in a 2-categorical setting; that is, a setting in which the phrase "every endofunctor" refers to an understood class. For us, this will be determined by enrichment. One possibility is: Let A be V-algebraically complete and F : X x A -+ A be a V-functor. As for every X E I X I we have that F k Y , -) : A + A is a V-functor, we can set ( F ' X , L~) to be an initial F(X,-)-algebra.
To extend the action of F t to morphisms, for every f : X -+ X' in X , let Ftf : F t X + F t X ' be the unique Fix, -)-algebra morphism from ( F t X , '5) to [Fregl]) A V-category is V-algebraically compact if it is V-algebraically complete and the initial algebra of every V-endofunctor on it is free, in the sense that its inverse is a final coalgebra.
A V-category is parameterised V-algebraically compact if it is V-algebraically compact and parameterised V-algebraically complete.
0
Theorem 5.4 1.
[Fio94] (c.f. [Bar92, Adi931) A Cpo-category with an e-initial object (an initial object such that every morphism with it as source is an embedding) and colimits of w-chains of embeddings is Cpo-algebraically complete.
[Fre92]
A Cpo-algebraically complete category with pointed homs and strict composition is Cpoalgebraically compact.
3. Cpo-algebraic completeness (resp. compactness) implies parameterised Cpo-algebraic completeness (resp. compactness). 
0
The last property of compactness that will be needed is that symmetric functors are closed under initial parameterised algebras:
Theorem 5.7 Let X and A be V-categories. Assume that A is parameterised V-algebravically compact. For a symmetric V-functor F : X x A -+ A, every initial parameterised F-algebra (Ft , L~) canonically induces an initial parameterised F-algebra ( Ff , 9") such that F* is a symmetric V-functor and p$ = pX1 for every symmetric X . 
case e of inl(xl).el or inr(xz).e2 I (el, -52) I f s t ( e ) I snd(e) I Ax : 7 . e I e l ( e 2 ) I intropT.r(e) I elim(e).
A well-formed type 0 7 consists of a list of distinct type variables 0 and a type T whose free type variables appear in 0. Well-formed expression contexts 0 I -r are finite mappings assigning well-formed types to expression variables. For the definition of well-formed expressions 0, r t -e : T see [Gun92]. Convention. We write 0,r t-e * v : r to indicate that 0,r t e : r is derivable and that e * w. We also write 0 , r k e J : r when 0 , r t-e * w : r for some value U.
Operational semantics
Categorical models
Essentially, the categorical structure needed to interpret FPC is a parameterised algebraically compact partial Cartesian closed category with finite coproducts. 
Denotational semantics
Interpretation of Expressions
The interpretation of expressions is defined in the standard way. Variables correspond to projections, i n l / i n r to coproduct injections, case to coproduct selection, (-, -) to partial pairing, f s t / s n d to projections, Ax.-to currying, -(-) to evaluation and i n t r o / e l i m to folding/unfolding a recursive type. where 6~ is the canonical natural isomorphism
Remark. 
Domain-theoretic models
In this subsection, the results of Sections 4 and 5 are combined to produce Cpo-models of FPC. Domaintheoretic models correspond to domain structures with a Cpo-category of total maps whose category of partial maps is a Cpo-model with respect to the induced order (Definition 3.3) and where algebraic compactness arises from the limit/colimit coincidence. 
Computational adequacy
The relationship between the operational notion of termination and the denotational notion of totality is examined. It is shown that in any model of FPC the interpretation of expressions is computationally sound, meaning that if the evaluation of a program terminates then it has a total interpretation. Further, certain absolute domain-theoretic models are shown to be computationally adequate, meaning that if a program has a total interpretation then its evaluation terminates.
Computational Soundness
The strategy for proving computational soundness is as usual: observe that values have total interpretations and that the interpretation of programs is preserved under evaluation: L e m m a 7.1 In any V-model of FPC, 
We now embark on the major task of establishing the existence of the formal-approximation relations. The difficulty is that they are defined recursively and one should guarantee that this definition makes sense. This is better discussed with the aid of some definitions.
For closed T , generalising from the formalapproximation relations, we set pK(1, A ) .
In order that the notion of approximation on the p K ( r ) ' s be inherited from p K (i.e. that the forgetful functor p K ( r ) -+ p K be a Cpo-functor) we restrict attention to absolute models: 
0
Once the Properties (Al)-(A5) are known to hold, the formal-approximation relations are constructed by providing a non-standard interpretation of types in the p K ( r ) ' s (Proposition 7.12) which extends the interpretation of types (Definition 6.2) respecting the folding and unfolding of recursive types and the substitution of types.
Convention.
Given 0 Theorem 7.14 ( C o m p u t a t i o n a l A d e q u a c y )
Every absolute domain-theoretic model of F P C is computationally adequate. U
Remark.
Using (A3), domain structures with a Cpo-category of total maps satisfying the axioms (DTM1)-( DTM4) and absoluteness, and equipped with structure for interpreting natural numbers and booleans can be shown to be computationally adequate for call-by-value PCF with sums and products (c. 
